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The Home of the Anishinabe People
(Lesson 12)
Solution Key and Teacher’s Guide
STATEMENT OF PROBLEM: 

How many armfuls of bulrushes and how many rolls of birch bark need to be gathered to cover the wigwam?
Discussion and Questions:

1. Describe the process you used to solve the problem.

SOLUTION: To determine how many armfuls of bulrushes must be gathered, the key idea is to determine the surface area of the portion of the wigwam that must be covered with bulrushes, and then divide this area by the surface area that one armful of bulrushes can cover.  The approach to determining the number of rolls of birch bark that need to be gathered is the same: find the surface area of that portion of the wigwam that must be covered with birch bark, and the divide this area by the surface area that one roll of birch bark can cover. 

Each of the two portions of the wigwam that must be considered constitute a so-called zone of the sphere.  Therefore, we will use the formula S = 2πRh, where R is the radius of the hemispherical wigwam, and h is the vertical height of the zone in question. This is shown pictorially in the lesson notes.
The details of these calculations are shown in Questions 3 and 4 below.

2. What mathematics concepts were used in solving this problem?

SOLUTION: Because the shape of the wigwam can be approximated by a hemisphere, it is not surprising that geometric concepts such as circles and spheres are important.  As we will see in Questions 3 and 4 below, we must be able to compute the circumference of a circle with a given radius.  In addition, we must be able to compute the surface area of a spherical zone (including the special case of a spherical cap) from the formula given in the lesson.  To find the height of the zone in question, we will use a little trigonometry, and it will be important for us to compute angles, and arc lengths for segments of circles.  The relationship between the diameter and radius of a circle will also be crucial to the analysis. The surface area that the armful of bulrushes and rolls of birch bark can cover will be determined from their dimensions with respect to a rectangle.  Therefore, we will use the formula for the area of a rectangle as well.
3. How many armfuls of bulrushes are needed to cover the lower zone of the wigwam?

SOLUTION: We are given in Item #2 on the background information for the Activity Sheet that one armful of bulrushes can make a rectangular sheet 16 inches (= 1.33 feet) wide and 5 feet tall.  Thus, each bulrush is 5 feet tall, when standing straight up.  When utilized on the hemispherical wigwam, this 5-foot tall bulrush must be bent to conform with the contour of the wigwam, so it becomes bent along an arc of a circle.  We are also given that the wigwam has a diameter of 12 feet, so its radius is 6 feet.  Thus, the circumference of the circle forming the exterior of the wigwam is 2πR = 2π(6) = 12π ≈ 37.70 feet.  Therefore, the fraction of the circumference of the circle that will be covered by a bulrush is 5/37.70 ≈ 13.26%.  Since a full circle spans 360 degrees, the number of degrees that the arc occupied by a bulrush contains is (13.26%)(360) ≈ 47.75 degrees.
As the figure below shows, the height of the vertical zone occupied by the bulrushes can now be determined by applying the sine trigonometric function to the triangle shown. 
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We obtain h ≈ 6(sin 47.75) ≈ 4.44 feet.  Therefore, the surface area of the zone of the sphere to be occupied by bulrushes is S = 2πRh ≈ 2π(6)(4.44) ≈ 167.42 square feet.  We are also told in Item #5 in the background information for the Activity Sheet that a 5 foot tall and 3 foot wide door need not be covered with bulrushes.  This means that there is a (5)(3) = 15 square foot portion of the zone that need not be covered.  Subtracting from the total surface area we obtained before, we conclude that the surface area that must be covered by bulrushes is 167.42 – 15 = 152.42 square feet.
Each armful of bulrushes can make a rectangular sheet of width 16 inches (1.33 feet) and height 5 feet.  Thus, the area occupied by each armful of bulrushes can be computed from the area of a rectangle: (1.33)(5) ≈ 6.67 square feet.

Dividing 6.67 square feet into the total 152.42 square feet that must be covered, we arrive at the number of armful of bulrushes that must be collected: (152.42)/(6.67) ≈ 22.87 armfuls of bulrushes.

4. How many rolls of birch bark are needed to cover the upper zone of the wigwam?

SOLUTION: We are given in Item #4 of the background information for the Activity Sheet that a roll of birch bark can be estimated as 3 feet wide and 4 feet long.  Thus, using the formula for the area of a rectangle, each roll of birch bark has a surface area of 12 square feet.  Next, we must determine the surface area of the upper zone of the wigwam, which is a “spherical cap”. The only data we must compute in order to apply the formula S = 2πRh is the height h.  In Question 3, we determined that the height of the lower zone of the wigwam is approximately 4.44 feet.  Since the total height of the hemisphere is the radius (6 feet), the height of the upper zone of the wigwam must be approximately 6 – 4.44 = 1.56 feet.  Thus, the surface area of the upper zone of the wigwam is S = 2πRh ≈ 2π(6)(1.56) ≈ 58.76 square feet.  Thus, we divide this total surface area by the area covered by each roll of birch bark to obtain 58.76/12 ≈ 4.90 rolls of birch bark.
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